Abstract-In this paper, we address the problem of reducing the completion time of a radio access network to deliver a frame of messages using Rate Aware Instantly Decodable Network Coding (RA-IDNC). While previous works only considered a single base-station setting, this paper extends the results to a more modern paradigm of networks with multiple coordinated basestations. The different rates of the base-stations to the various users will be thus incorporated in the network coding decisions, so as to schedule the coded messages and transmission rates jointly in order to reduce the overall completion time. Given the notorious intractability of the completion time reduction problem, the paper uses an online relaxation using an anticipated version of the completion time. This problem is then solved by showing that it is equivalent to a maximum weight independent set problem on a newly designed graph. An efficient multi-layer heuristic is further developed to address this problem in polynomial time. Simulation results suggest that the proposed solution outperforms the uncoded schemes.
I. INTRODUCTION
The exploding number of content request, e.g., YouTube videos, Instagram pictures, Facebook notes, Dropbox shared files, threatens the ability of wireless networks to provide fast and reliable real-time communication. The authors in [1] have introduced the idea of allowing coding at intermediate nodes in the network, known as Network Coding (NC). The approach gained a considerable attention for its numerous benefits such as throughput enhancement and delay reduction [2] , especially in wireless networks.
A particular subclass of NC, namely Instantly Decodable Network Coding (IDNC), attracted many studies [3] - [10] , [16] in the recent years for its instant decodability properties. IDNC is achieved by encoding packets using XOR-based operations. Such simple encoding scheme also allows simple and progressive XOR decoding at the receivers. The aforementioned instant and fast encoding/decoding properties are essential for real-time applications for interest in this paper.
Previous works have showed that employing well-designed IDNC schemes can minimize either the completion time [10] or the decoding delay experienced by the users [16] , [6] . Lately, a recent study [8] on the effect of controlling the decoding delay to minimize the completion time resulted in a multi-layer solution that improved the performance obtained in [16] .
Most of the works mentioned above focused on an upper layer view of the network and abstracted the physical layer conditions, e.g., fading, shadowing, reflection, into simple erasure-channel models. Recently, the Rate-Aware IDNC (RA-IDNC) problem was introduced in [12] , which aimed to minimize the completion time of delivering data packets using IDNC to cellular users with heterogeneous physical-layer rates. However, the authors consider the simple setting of a single transmitting base-station (BS) that employs a single transmission rate in each transmission of a coded message. This paper aims to extend the result to a more modern paradigm of coordinated multi-BS networks, in which the multiple BSs coordinate in order to sever the same set of users with their requested data. In such setting, these users, not only experience heterogeneous channel conditions to each of the BSs but also undergo different channel conditions to each of the BSs due to their different locations within the service area. Thus, each user can be served by each BS with a rate that is different from all the other users/BSs.
Given this dual-heterogenous user rates, and their various side-information, a very exciting yet challenging question is how to identify the optimal schedules of IDNC packets and transmission rates that BSs should follow, so as to complete the delivery of all data messages to all users in the least amount of time. This schedule should define both the users that each BS should target with its IDNC packets and the rate that the BSs should use in sending them. Consequently, the different rates of the BSs to the various users must be integrated with the IDNC decisions, such that the IDNC packets sent by each BS (and thus their targeted users) and the transmission rate used in each of these transmissions are jointly selected to reduce the overall completion time.
The main contribution of this paper is to address the above question. The completion time problem is first formulated and shown to be intractable. We thus relax the problem to an online optimization involving an anticipated version of the completion time. The expression of this anticipated completion time is derived and then used to formulate the online problem as a joint optimization over the set of BSs, achievable rates, and feasible packet combinations. We then prove that this problem can be solved by finding the maximum weight independent set in a newly designed graph. An efficient multi-layer heuristic is further proposed to address the problem in polynomial time. Finally, the proposed solution is tested via extensive simulations against two uncoded schemes.
The remaining of this paper is organized as follows: Section ion II illustrates the system model. Section III introduces the relevant definitions and formulates the completion time reduction problem. In Section, IV is anticipated completion time is derived and used to approximate the problem. The proposed solution is provided in section V. Before concluding in Section VII, Section VI discuss the simulation results.
II. SYSTEM MODEL

A. Network and Data Model
In this paper, we consider the downlink of a radio access network with a set B of B coordinating BSs. These BSs are required to transmit the entire set F of F messages to the whole set U of U users. All messages in F have the same size of N bits and may represent any data such as files, executable instructions, frames from a video stream, ..., etc. The time is indexed by t ∈ N + . This paper assumes that users do not initially have any side information. In other words, at t = 0, the users do not possess any single message F, and thus these messages are solely available at the BSs. Note that the extension to the setting of users having initial side information is straightforward as only the expression of the anticipated completion time in Section IV changes. The rest of the analysis holds.
When the transfer process starts, the users start accumulating knowledge of different subsets of F. Consequently, the messages can be classified into one of the following options for each user for any t > 0:
• The Has set H u containing the messages successfully received by the u-th user.
• The Wants set W u = F\H u containing the messages missing at the u-th user. At each transmission, the BSs can either send uncoded messages (especially at the start of the transfer phase) or exploit the diversity the Has and Wants sets of the different users to transmit an IDNC combination of these messages using binary XOR. Note that an uncoded message is simply a special case of an IDNC combination, having only one message XORed with no other messages. Thus, we will use the term "packet" to describe either and use the same notation κ b (t) to denote either when sent by BS b at time t.
It is important to note that we assume in this paper that all packets are non-fragmentable (i.e. are not dividable into smaller units) when being transmitted. Thus, a BS that starts sending a packet must complete its transmission, and in no instance is it allowed for multiple BSs to send different parts of the same packet.
In the rest of the paper, the term "t-th transmission" represents the starting time of t-th transfer of a packet from any BS. The term "transmission" denotes both the process and the duration time of transmitting any message by any BS. Further, we will always use the notation |X | to represent the cardinality of the set X .
B. Physical Layer Model
Let h u b (t) be the complex channel gain from the b-th BS to the u-th user at the t-th transmission. The paper assumes that the complex channel gain h u b (t), ∀ u ∈ U, and ∀ b ∈ B remains fixed during the transmission time of a single message or a single IDNC packet. Let P b be the transmitted power of the b-th BS, assumed to be fixed during the entire transfer process. The achievable rate or capacity of the u-th user during the t-th transmission can be expressed as:
where SINR u b is the corresponding signal-to-interference plus noise-ratio experienced by the u-th user when it is associated with the b-th BS. The SINR can be expressed by the following formula:
where σ 2 represents the complex Gaussian noise variance. During the t-th transmission the achievable capacities of all users for the b-th BS can be represented by the set R
The time required to deliver a packet of size N in the t-th transmission using a transmission rate R(t) is N/R(t), called the absolute time. For a reception of a packet transmitted by the b-th BS to be successful at the u-th user, the transmission rate R(t) must be smaller than or equal the user capacity, i.e., 
III. DEFINITIONS AND PROBLEM FORMULATION
A. Important Definitions
Definition 1 (Instantly Decodable Transmission) The transmission of a packet κ b (t) from the b-th BS at a rate R b (t) (which we denote by (κ b (t), R b (t))) is said to be instantly decodable for the u-th user if and only if
. . , |S|}, and ∀ b ∈ {1, . . . , |B|} is the set of chosen packets and rates at every time index t until all users successfully receive all messages.
Definition 5 (Minimum Rate). The minimum rate R min (t) at the t-th transmission is the minimum rate among those used by the different BSs to transmit their chosen packets in this transmission, i.e., R min (t) = min b∈B R b (t).
Definition 6 (Time Delay). In the t-th transmission, a user with non-empty Wants set, experience N/R min (t) seconds of time delay increase if the transmissions from all the BSs are not instantly decodable for that user. Further, the sum of all such time delays experienced by that user during the schedule S is called the accumulated time delay T u (S).
B. Problem Formulation
In this subsection, we follow a similar approach to that used in [12] to formulate the minimum overall completion time problem for rate-aware IDNC in coordinated multi-BSs networks. The following theorem introduces this formulation by deriving an expression for the optimal schedule S * to reduce the overall completion time.
Theorem 1. The minimum overall completion time problem in multiple base stations rate-aware IDNC reduces to finding the optimal schedule S * , such that:
where
S) is the accumulated time delay for the u-th user in S. andR u min (S) is the harmonic mean of the minimum transmission rates during the transmissions that are instantly decodable for u-th user in S. In other words,R u min (S) is the harmonic mean of {R min (t)} t∈αu(s) where α u (S) is the set of transmission indices that is instantly decodable for user u.
Proof: The proof of this theorem is omitted in this paper as it mirrors the steps used in proving Theorem 1 [12] but for multiple BSs with various rates. From the above theorem, it is clear that finding the optimal schedule S * is very difficult, due to the channel realization nature and the dependence of the optimal schedule on them. This makes the problem in (3) intractable and anti-causal (i.e., current results depend on future input). Given the complexity of finding the optimal schedule, the next section first presents an approximation of the completion times, called the "anticipated completion times", and then reformulate a relaxed online version of the problem using this approximation.
IV. ANTICIPATED COMPLETION TIME FORMULATION
A. Definition
The anticipated completion time C u (t) of the u-th user is the completion time of that user if it both does not experience any additional increases in its accumulated time delay (i.e. if the u-th user does not receive any non-instantly decodable transmission after the t-th transmission) and observes the same rate R(t) for all transmissions after the t-th transmission. Clearly, if these conditions indeed occur, then this anticipated completion time will be the actual exact completion time of that user. Given this definition, C u (t) can be approximated by:
whereR umin (t) is the harmonic mean of the minimum transmission rates for the transmissions at times t t that are instantly decodable for the u-th user, and T u (t) is the accumulated time delay by that user until t-th transmission.
B. Relaxed Problem Formulation
Based on the definition of the anticipated completion time in the above subsection, we relax the optimization problem in (3) to a more tractable version. Assume that u * is the user with the highest anticipated completion time compared to the other users after transmission t − 1, i.e., u * = arg max u∈U {C u (t − 1)}. let K R(t) be the set of users that can increase the maximum anticipated overall completion time after the t-th transmission, which could be defined as follows:
(5) It is clear from (5) that, if the t-th transmission is noninstantly decodable for that set of users in K R(t) , they will experience time delay increases of N Rmin(t) , which will make their anticipated completion times after the t-th transmission surpass C u * (t−1). We can thus relax the completion time minimization problem to an online version, by reducing the chance of occurrence of this event, i.e. increasing the maximum overall anticipated completion time after each transmission compared to its value before it. Defining τ b (κ b (t)) as the set of targeted users by the transmitted packet κ b (t) from the b-th BS at time t, i.e. the set of receives for which the transmission by the b-th BS with rate R b (t) is instantly decodable, we can formulate this relaxed problem as introduced in the following theorem.
Theorem 2. The completion time reduction problem in (3) can be relaxed to an online version, in which, at any transmission t, the following joint optimization problem over the packet κ b (t), transmission rates R b (t) of BSs, ∀ i ∈ B:
where P(F) is the power set of the set X .
Proof: The proof can be found in Appendix A. As a sketch of the proof, we first show the expression of anticipated completion time of the user u for the instantly and non-instantly decodable transmissions. The probability of the event that the maximum anticipated completion time increases by the product of all time delays is approximated. Finally, we conclude that the completion time reduction problem is approximated by joint optimization over the packet κ b (t), transmission rates R b (t) of BSs, ∀ b ∈ B.
V. PROPOSED SOLUTION
This section proposes solving the anticipated completion time problem proposed in (6) . The solution relies on the construction of the multi-BS rate-aware IDNC (MB-RA-IDNC) graph. Afterward, the completion time reduction problem is shown to be equivalent to finding the maximum weight independent set in the MB-RA-IDNC graph. Finally, the solution being potentially not unique, an efficient multi-layer packet selection heuristic is proposed.
A. Multi-BS Rate-Aware IDNC Graph
In [12] , the RA-IDNC graph was introduced for the single BS scenario as a tool to represent all possible message combinations, transmission rate, and users that can instantly decode the transmission. For their considered single BS situation, they show that the completion time reduction problem is equivalent to finding the maximum weight clique in the RA-IDNC graph. This subsection extends the formulation of the MB-RA-IDNC graph to include the general scenario of multiple BSs of interest in this paper.
Let the MB-RA-IDNC graph be denoted by G(V, E) wherein V and E are the set of vertices and edges, respectively. In order to represent the potential IDNC message combination, the transmission rate of each base-station in the network and the intended user, a vertex v b,u,f,r is generated for each BS b ∈ B, for each user u, for each wanted message f ∈ W u and for each achievable rate for that user r
Once vertices are generated, two vertices v and v are set adjacent if and only if the transmission represented by both vertices is non-instantly decodable to one of them. In other words, vertices are adjacent if they are conflicting and cannot be served simultaneously. For example, it can easily be seen that the same user cannot be served by many BS in the same transmission. Therefore, vertices having u = u and b = b are transmission-conflicting and are thus set adjacent by an edge. Furthermore, the packet combination produced by the same BS should be instantly decodable to all the targeted users. In other words, vertices with b = b and f = f with f / ∈ H u or f / ∈ H u (which means that a combination f ⊕ f cannot be simultaneously decoded at both u and u ) are IDNCconflicting and are also set adjacent by an edge. Finally, the transmission rate of each BS should be the same, i.e., for b = b and thus vertices with different transmission rate r = r are all rate-conflicting and are set adjacent.
Without loss of generality, the condition can be extended to all vertices (even those belonging to different BSs) as shown in the proof of Theorem 3. Therefore, two vertices v b,u,f,r and v b ,u ,f ,r are adjacent by an edges if they satisfy the following conditions:
1 For b = b , the vertices are already conflicting from the C1 and C2 either because of the rate or the message cannot be combined, respectively. Fig. 1 : Shows the entire MB-RA-IDNC graph. The maximal independent sets in this graph are: {1111, 1221}, {1111, 2221}, {2111, 1221}, {2111, 2221} and {1112, 2222}. Each one of the first four maximal independent sets serves two users and provides 2 bits/s. The last one {1112, 2222} is selected because it serves 2 users and provides 4 bits/s. Hence, {1112, 2222} is called the maximum weight independent set.
MB-RA-IDNC Graph
An example of the MB-RA-IDNC graph is depicted in Fig. 1 for a simple network consisting of 2 users, 2 messages and 2 BSs.
It can be shown that the all feasible combinations of packets and transmission rates of the different BS can be represented by the maximal independent set in the MB-RA-IDNC graph, wherein an independent set in a graph is a set of pairwise nonadjacent vertices [11] . In a weighted graph, the maximum weight independent set problem is the one of finding the independent set with the maximum weight, where the weight of a set is defined as the sum of the individual weights of its vertices. The following theorem relates the optimal solution to the relaxed completion time reduction problem in (6) to the independent sets in the MB-RA-IDNC graph:
Theorem ( 
Proof: The proof of this theorem is omitted in this paper as it mirrors the steps used in proving Theorem 3 in [12] but with the difference that it is applied for multiple BSs with different rates.
In [13] , it is shown that the maximum weight independent set problem is NP-hard and hard to approximate. In [14] and [15] , methods were proposed for solving the problem more efficiently than the O(|V| 2 .2 |V| ) naive exhaustive search methods. In [17] , an approximate solution with satisfactory results was suggested.
B. Multi-Layer Solution
As explained in the previous subsection, finding the maximum independent set among all maximal independent sets in MB-RA-IDNC graph is the optimal solution to the optimizing problem (6) . However, the maximum independent set or the optimal solution of (6) is not unique. This is mainly due to the vertices that have a zero weight. It is clear that their inclusion/exclusion produce the same objective function and thus the maximum may not be unique. In this subsection, we provide an efficient method, similar to the one proposed in [12] , for selection one of these points. First, define the set of k-th critical users K k R as the set of users that can potentially increase the anticipated overall completion time if and only if they experience k 1 consecutive time delay increases. In other words, users in K k R increase the anticipated completion time if they receive k subsequent non-instantly decodable transmissions at a rate R, starting from t-th transmission. This set can be defined mathematically as follows:
Let G k be the MB-RA-IDNC graph containing only vertices belonging to K k R . From the definition of critical sets K k R , vertices belonging to G i have higher chance to increase the anticipated overall completion time than vertices in G j , j > i. Hence, the idea is to divide the graph into layers G k with decreasing order of criticality. The algorithm first finds the maximum independent set among all the maximal independent sets in layer G 1 as mandated in Theorem 2. Let M 1 be the maximum independent set among all maximal independent sets in G 1 . Hence, the selected independent set M is initialized
that are adjacent to all the vertices in M (i.e., forms a bigger maximum independent set with M), where R is the rates of users chosen in M. After two transmissions, such vertices can potentially become critical users with weight equal to log( R N ). Therefore, the weight of all the vertices in
is found and merged with M to form the updated independent set M = M 1 ∪ M 2 . The process is repeated for all layers in the graph.
VI. SIMULATION RESULTS
This section shows the performance of the proposed solution in a network composed of multiple base-stations. The BSs are placed in an hexagonal cell in which users are distributed randomly. To study the performance of the proposed solution in various scenarios, we change the number of users, messages, and the message sizes in the simulation. We assume that the total number of base stations is fixed to 3 in all simulations. Table I summarized our simulation parameters.
In this section, we compare, through extensive simulation, the performance of our proposed cross-layer algorithm for multiple base stations network in the downlink of radio access network to the following schemes:
• The uncoded unicast: In this scheme, each base-station targets a single user with an uncoded message. Hence, at each transmission, each base-station targets the user with non-empty Wants set and with the maximal achievable capacity. The process is repeated until all users receive all their wanted packets. It can easily be seen that such scheme requires UF packet transmissions from the different base-stations that are achieved in UF/B time slot. • The uncoded broadcast: In this scheme, base-stations broadcast the packets sequentially. Users are assigned to base-stations according to their maximal achievable capacity. Each base-station broadcast the packets using the minimum rate of its assigned users. Such scheme requires F transmission that necessitate F time slots. Fig. 2 plots the average completion time versus the number of users U for a network composed of F = 20 messages with a message's size N = 1 Mb. We note from Fig. 2 that our proposed rate aware IDNC scheme outperforms both the broadcast and the unicast for all simulated number of users. This is mainly due to the rate awareness in the message selection process. Whereas unicast only considers the highest achievable rate at the expense of sending a single message to a single user, the broadcast scheme sacrifices the rate optimality by selecting the maximum number of users. The proposed scheme strikes a balance between these two aspects by jointly selecting the number of targeted users and the transmission rate such that the overall completion time is minimized. As the number of users increases the gap between our proposed and the broadcast schemes increases. This can be explained by the fact that as the number of users increases, the broadcast scheme targets more and more users at the expense of a lower transmission rate that explains the degradation in performance as the number of users increase. The proposed scheme, however, balances this effect for all number of users. From Fig. 4 , we note that all schemes increase linearly with the size of the message. This can be explained by the expression of the completion time. In fact, as hinted by (3), the completion time is the sum of two linear functions in the message size. Therefore, the whole function is linear in such parameter independently of the adopted transmission scheme.
VII. CONCLUSION
In this paper, we studied the problem of rate-aware completion time reduction using IDNC in coordinated multi-BS networks. We first formulated the problem as the one of finding the optimal schedule of packets and transmission rates that must be allocated to each BS to achieve the lowest completion time. Being an intractable and anti-causal problem, we relaxed the problem to an online optimization involving an anticipated version of the completion time. The formulation of this relaxed problem was proven to be equivalent to a maximum weight independent set problem over a newly defined MB-RA-IDNC graph. A heuristic was proposed to solve the problem, and its merits compared to uncoded transmission schemes were demonstrated via extensive simulations. The next step in the study is to extend it to the case of fragmentable messages and packets, which will give more flexibility to the BSs to utilize multiple rates simultaneously.
APPENDIX A PROOF OF THEOREM 2
Let B be the event that the highest anticipated completion time at t-th transmission is greater than the anticipated completion time at the previous transmission t − 1. Thus, the probability of this event can be written as follows:
Let K R(t) be the set of critical users that can be potentially increase the anticipated overall completion time in the t-th transmission at the rates R(t). This set can be mathematically expressed as:
2) Assume that the transmission at time t is non-instantly decodable for user u. We can note that the minimum harmonic mean for user u at the current transmission equal to the harmonic mean for the same user at the previous transmission, R u min (t − 1) =R u min (t). Then, the anticipated time of user u can be expressed as:
is the transmission rate of BS b when its connected to user u at t-th transmission and T iwait (t) is the waiting time of BS b to be synchronized with other BSs at t-th transmission, ∀i ∈ B and can be expressed in terms of R i (t) and R min (t) as follows in lemma 1: Lemma 1. Given the no-fragmentation constraint on message and packet transmissions, using the lowest scheduled BS rate in all BSs is equivalent to using different rates in each of them.
proof : Its easy to proof this lemma. We assume that each BS send its packet at its own rate. In other words, assume that the BSs send the combination at different transmission rates R(t). Hence, at t-th transmission the transmission time is expressed as follows:
T itransmit (t) = N/R i (t) + T iwait (t), (A.4) where the waiting time is expressed as follows:
Hence, by substituting (A.5) in (A.4) we get: T itransmit (t) = N/R min (t) (A.6) Therefore, this result lead to the same as using the same rate (lower rate). Based on the above explaination the waiting time is equivalent to use the same rate.
By substituting (A.5) in (A.3) we get the final expression of the anticipated time of user u as follows:
C u (t) = C u (t − 1) + N/R min (t) (A.7) If the transmission is instantly decodable, the relation that connected between the harmonic mean of the current transmissioñ R min (t) and the harmonic mean of the previous transmissioñ R min (t − 1) is mathematically expressed as:
1
where n is the number of transmission received that are instantly decodable by user u. Assuming that R u min (t − 1) ≈ R u min (t), the anticipated completion time in (A.7) of user u remains unchanged, such that C u (t) = C u (t − 1). Based on the above analysis, we conclude that the individual completion time of user u after the transmission of the message κ(t) with the rate R(t) from multiple BSs can be expressed as:
if u targeted C u (t − 1) + N/R min (t) otherwise (A.9) Therefore, the mathematical expression of the critical set of users in (A.2) can be written as:
C u * (t − 1)}.
(A.10) By the structure of the above set in (A.10) any user is not targeted from any base station at t-th transmission such that u / ∈ K(t) can increase the highest individual completion time in the transmission t-th at rate R(t). Therefore, the probability of the event B is: P(B) = 1 − P( max N/R min (t) .11) where N = {u ∈ U | W u = φ} is the set of users with non-empty Wants set. Hence, the completion time reduction problem can be approximated by the following joint optimization over the message combination κ(t) and the transmission rate R(t).
(κ * (t), R * (t)) = = arg max
κ(t)∈P(F ) R(t)∈R(t) i∈B u∈(K R(t) ∩N )\τi(κi(t))
log(N/R min (t)) = arg min
κ(t)∈P(F ) R(t)∈R(t) i∈B u∈(K R(t) ∩τi(κi(t))))
log(N/R min (t)) = arg max
κ(t)∈P(F ) R(t)∈R(t) i∈B u∈(K R(t) ∩τi(κi(t)))
log(R min (t)/N ),
